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0. Introduction
The classical little Picard theorem is the following:
Theorem A. Every holomorphic map of Cn to P1 − {a,b, c}, where a,b, c are different points of P1 , is necessarily a constant map.
If we use words of Kobayashi hyperbolic geometry, above theorem is proved by the distance decreasing property, since
dCn ≡ 0 and P1 − {a,b, c} is hyperbolically imbedded in P1.
Fujimoto [3] obtained a generalization of the little Picard theorem as the following:
Theorem B. If f is a holomorphic map of Ck to Pn omitting n + 2 hyperplanes in general position, f (Ck) is included in a diagonal
hyperplane in Pn or extended to a meromorphic map of Pk to Pn.
We denote n + 2 hyperplanes in general position in Pn by H0 ∪ · · · ∪ Hn+1 and a diagonal hyperplane by Δd . Then
Pn − (H0 ∪ · · · ∪ Hn+1) is hyperbolically imbedded modulo Δd in Pn . For the deﬁnition of Δd and above the fact, see
[1, p. 415].
Our main result is the following:
Theorem. Let X be a connected compact manifold whose dimension is k such as k  1 and A be a hypersurface of X . Let Y be a
relatively compact domain of Pn with n 1 and a limiting degeneracy locus of Kobayashi pseudodistance dY (we denote it by SY (Pn);
see Deﬁnition 1.1 in [2] for its deﬁnition) is contained in an algebraic hypersurface S of Pn such as { f (z0, z1, . . . , zn) = 0} where f is
a homogeneous polynomial of Pn[z0 : z1 : · · · : zn]. Then if a map F ∈ Hol(X − A, Y ) which has a reduced representation on X − A
cannot be extended meromorphically to every component of A, we conclude that F (X − A) ⊂ S.
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X − A by Proposition 1.3. For an arbitrary X − A, F has always a reduced representation also if Y ⊂ Cn . For the deﬁnition of
the reduced representation, see Deﬁnition 1.2.
1. Preliminaries
In this paper, we assume that manifolds are complex connected one.
Let X and Y be manifolds. For the deﬁnition of the meromorphic map F of X to Y , see [5, p. 153]. We denote the
indeterminancy locus of F ∈ Mer(X, Y ) by I F (cf. [5, p. 156]) and the set of all holomorphic (resp. meromorphic) maps from
X to Y by Hol(X, Y ) (resp. Mer(X, Y )).
Proposition 1.1. (See Theorem 4.4.8 in [5].) Let F ∈ Mer(X, Y ).
(1) The set I F is an analytic subset of X and dim I F  dim X − 2.
(2) If x ∈ I F , then f (x) is a positive dimensional, compact, connected (as a set) analytic subset of Y .
(3) The map F |X−I F : X − I F → Y is a holomorphic map.
Deﬁnition 1.2. Let X be a manifold and F be a meromorphic map of X to Pn with n  1. (If dim X = 1, then I F = ∅ by
Proposition 1.1 and F is a holomorphic map.) We call that [φ0 : · · · : φn] is a reduced representation of F on X if φi ∈O(X)
(0 i  n) such that F = [φ0 : · · · : φn] and I F = {p ∈ X; φ0(p) = · · · = φn(p) = 0}.
Proposition 1.3. (See Proposition 11.4 in [1].) Let X and F be the same of Deﬁnition 1.2. If X is a Cousin II domain, F has a reduced
representation on X.
Let X = Δ∗(t) × Δk((s)) where Δ∗(t) = {t ∈ C; 0< |t| < 1} and Δk((s)) = {(s) = (s1, . . . , sk) ∈ Ck; |si | < 1 for i = 1, . . . ,k}
with k  1. Let F ∈ Hol(X,Pn), then F has a reduced representation such as F = [φ0 : · · · : φn] on X where I F = ∅ by
Proposition 1.3.
It is easy to see the following:
Proposition 1.4. Let F be the same above. We may assume φ0 	≡ 0 without a loss of generality. The F can be extended to
F¯ ∈ Mer(Δk+1,Pn) if and only if φ1/φ0, . . . , φn/φ0 can be extended to meromorphic functions in Δk+1 .
The following proposition is corollary of Theorem 4 in Terada [6].
Proposition 1.5. Let φ be a meromorphic function in Δ∗(t) × Δk((s)) and not a meromorphic one in Δk+1 . Then the set E =
{(s0) ∈ Δk; f (t, (s0)) is meromorphic on Δ(t)} is a polar set.
Deﬁnition 1.6. (Cf. Deﬁnitions 3.1 and 3.3 in [1].) Let Y be a relatively compact domain of a manifold Z and f be a
holomorphic map of Δ∗ to Y . We set the cluster set of f at 0 in Z as f (0 : Z) =⋂ρ>0 f (Δ∗(ρ)) where Δ∗(ρ) = {z ∈ C;
0 < |z| < ρ  1} and f (Δ∗(ρ)) is the closure in Z of f (Δ∗(ρ)). We say that f has an essential singularity at 0 if f (0 : Z)
contains more than one point.
Proposition 1.7. (Cf. Proposition 3.2 in [1].) In the same situation of Deﬁnition 1.6, f has a removable singularity at 0, that is, f is
extended to f¯ ∈ Hol(Δ, Z), if and only if f (0 : Z) consists of one point of Z .
The following theorem plays an important role in this paper.
Theorem 1.8. (See Theorem 3.6 in [1].) In the same situation of Deﬁnition 1.6, if f ∈ Hol(Δ∗, Y ) has an essential singularity at 0, then
f (0 : Z) ⊂ SY (Z).
It is the fact that Y is hyperbolically imbedded modulo SY (Z) in Z (see [4, p. 77] for its deﬁnition) and Y is hyper-
bolically imbedded in Z if and only if SY (Z) = ∅ (see Proposition 1.11 in [1]). It is easy to see the following corollary by
Proposition 1.7 and Theorem 1.8.
Corollary 1.9. In the same situation of Deﬁnition 1.6, if SY (Z) = ∅, f ∈ Hol(Δ∗, Y ) is extended always to f¯ ∈ Hol(Δ, Z).
Proposition 1.10. If F ∈ Hol(Δ∗(t)×Δk((s)),Pn) (k 1) cannot be extended to F¯ ∈ Mer(Δk+1,Pn), there is a polar set E in Δk((s))
such that for (s0) /∈ E every holomorphic map F |(s)=(s0) : Δ∗(t) → Pn has an essential singularity at t = 0.
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function φi/φ0 such that it cannot be extended to a meromorphic function on Δk+1. From Proposition 1.5, the set Ei =
{(s0) ∈ Δk; (φi/φ0)(t, (s0)) is meromorphic on Δ(t)} is a polar set of Δk . So, there is a polar set E of Δ((s)) such that for
(s0) /∈ E every holomorphic map F |(s)=(s0) : Δ∗(t) → Pn cannot be extended holomorphically to t = 0, that is, F |(s)=(s0) has
an essential singularity at t = 0. 
2. Proof of theorem
Lemma 2.1. Let Y be a relatively compact domain of Pn (n  1) and SY (Pn) ⊂ S = { f (z0, . . . , zn) = 0} where f is a homogeneous
polynomial of Pn[z0 : z1 : · · · : zn]. Then every F ∈ Hol(Δ∗(t)×Δk((s)), Y ) can be extended to F¯ ∈ Mer(Δk+1,Pn) orΦ(t, (s)) = f ◦ F
is a holomorphic function on Δk+1 and Φ(0, (s)) = 0 if we ﬁx a reduced representation of F on Δ∗ × Δk.
Proof. We assume that F cannot be extended to F¯ ∈ Mer(Δk+1,Pn). Then, there is a polar set E in Δk((s)) such that for
(s0) /∈ E every holomorphic map F |(s)=(s0) : Δ∗(t) → Pn has an essential singularity at t = 0 from Proposition 1.10. In this
case, F |(s)=(s0)(0 : Pn) ⊂ SY (Pn) ⊂ S from Theorem 1.8.
When we set Φ(t, (s)) = f ◦ F , Φ is a holomorphic function on Δ∗(t)×Δk((s)) since F has a ﬁxed reduced representation
on Δ∗ × Δk and Φ(t, (s0)) is holomorphic function on Δ(t) by Riemann’s theorem. Since E is a polar set, Φ(t, (s)) is
holomorphic function on Δk+1 by vertue of Theorem 1 in Terada [6] and Φ(0, (s)) = 0. 
Proof of Theorem. At the ﬁrst we consider the case k  2 and ﬁx a reduced representation [φ0 : · · · : φn] of F on X − A.
Then Φ = f ◦ F is a holomorphic function on X − A. We set A1 for any irreducible component of A. For every point
p ∈ A1 − Sing(A) where Sing(A) is the singularity of A, there is a neighborhood U (p) ⊂ X such that U (p) is biholomorphic
to Δk and U (p) − A1 is biholomorphic to Δ∗ × Δk−1. Since F cannot be extended to meromorphically to U (p), Φ = f ◦ F
is holomorphic on U (p) and Φ|U (p)∩A1 = 0 by Lemma 2.1.
Therefore, Φ is extended holomorphically on X − Sing(A). Since a codimension of Sing(A) is greater than 1, Φ is holo-
morphic function on a compact manifold and Φ ≡ 0 on X .
At the second, we consider the case k = 1. In this case A is ﬁnite point of X . The theorem is proved more easily than
the case k 2. 
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